A deterministic scheme for generating a macroscopic superposition state of a nanomechanical resonator is proposed. The nonclassical state is generated through a suitably engineered dissipative dynamics exploiting the optomechanical quadratic interaction with a bichromatically driven optical cavity mode. The resulting driven dissipative dynamics can be employed for monitoring and testing the decoherence processes affecting the nanomechanical resonator under controlled conditions.
I. INTRODUCTION
Quantum reservoir engineering generally labels a strategy which exploits the non-unitary evolution of a system in order to generate robust quantum coherent states and dynamics [1] . The idea is in some respect challenging the intuitive expectation that in order to obtain quantum coherent dynamics one should guarantee that the evolution is unitary at all stages. Due to the noisy and irreversible nature of the processes which generate the target dynamics, strategies based on quantum reservoir engineering are in general more robust against variations of the parameters than protocols solely based on unitary evolution [1, 2] . A prominent example of quantum reservoir engineering is laser cooling, achieving preparation of atoms and molecules at ultralow temperatures by means of an optical excitation followed by radiative decay [3] . The idea of quantum reservoir engineering has been formulated in Ref. [4] , and further pursued in Ref. [5] . Proposals for quantum reservoir engineering of many-body systems have been then discussed in the literature [1, 2] and first experimental realizations have been reported [6, 7] .
In particular reservoir engineering has been proposed and already used [7] for the generation of steady state nonclassical states, such as linear superposition (Schrödinger cat) states [4, 5] or entangled states in microwave cavities [8, 9] . In this case one has the advantage that the desired target state is largely independent of the specific initial states, and at the same time is robust with respect to a large class of decoherence processes. These ideas have been recently extended also to the field of cavity optomechanics for the generation of entangled states of two cavity modes [10] , and of two mechanical modes [11] .
Here we apply reservoir engineering for the deterministic generation of robust macroscopic superpositions of coherent states of a mechanical resonator (MR). First proposals for the generation of superposition states exploited the intrinsic nonlinearity of radiation pressure interaction [12, 13] but are hard to realize due to the extremely weak nonlinear coupling. More recent proposals focused on the conditional generation of those linear superposition states [14, 15] , exploiting for example the effective measurement of the MR position squared in order to generate a superposition of two spatially separated states [16] [17] [18] [19] . These latter schemes do not suffer from weak radiation pressure nonlinearities, but are probabilistic and strongly dependent upon the efficiency of the conditional measurement on the optical mode. As underlined above, the generation of a linear superposition state through reservoir engineering is instead deterministic and extremely robust, because the state is reached asymptotically as a result of a dissipative irreversible evolution, and is less sensitive to the details of the preparation process.
Here we propose to generate a superposition of coherent states of a MR by exploiting the nonlinearity associated with the quadratic interaction of the MR with an optical cavity mode, appropriately driven by a bichromatic field (see also Ref. [20] ). We study the resulting dynamics, determined by the joint action of the engineered reservoir realized by the driven cavity mode and of the standard (and unavoidable) thermal reservoir of the MR. We show that a high-quality superposition state can be generated in a transient time interval, which then decoheres at longer times due to the action of thermal reservoir. The present scheme is particularly useful for monitoring decoherence processes affecting nanomechanical resonators, similarly to what has been done for cavities [21] or trapped ions [22] , and could also be useful for testing alternative decoherence models (see Ref. [17] and references therein).
In Sec. II we describe the properties of the required engineered reservoir. In Sec. III we show how to engineer such a reservoir by tailoring the optomechanical interaction with a bichromatically driven cavity mode. Sec. IV describes the resulting dynamics under realistic scenarios, and we verify that a superposition state can be efficiently generated in a transient time interval and that its decoherence can be monitored. Sec. V is for concluding remarks.
II. THE DESIRED DISSIPATIVE EVOLUTION
Let ρ be the reduced density matrix of the MR, and ρ ∞ = |ψ ∞ ψ ∞ | the target linear superposition state we want to generate in the steady state of the MR, the socalled even Schrödinger cat state
where |β denotes a coherent state of the MR with complex amplitude β and N = 2[1 + exp(−2|β| 2 )] is the normalization constant. Reservoir engineering means in the present case tailoring the interaction with the optical cavity mode in order to have an effective reduced dynamics of the MR described by the master equation
for which ρ ∞ is a fixed point, namely,
A simple solution is to take the Lindbladian L
with Γ a model-dependent rate, and with the operator C such that |ψ ∞ is eigenstate of C with zero eigenvalue. Such a condition is satisfied by
where b is the annihilation operator of the MR, and β is just the complex amplitude of the target linear superposition state. Notice that state ρ ∞ is not the unique solution of Eq. (3) because any coherent or incoherent superposition of |β and | − β solves Eq. (3). However for our purposes it is sufficient that, at least for a physically realizable class of initial states of the MR, the dissipative evolution asymptotically drives it only to ρ ∞ and not to other states of the convex set of states C L defined by Eq. (3). In this respect one can profit from an additional symmetry of the Lindbladian of Eq. (4), i.e., the fact that it commutes with the parity operator P = (−1) b † b , and therefore P is conserved as long as the dynamics is driven by L only or at least parity non-conserving terms are negligible in the time evolution generator. In such a case, since |ψ ∞ is the unique pure state of C L which is even, that is, eigenstate of P with eigenvalue +1, the asymptotic steady state of the MR will also have parity +1. In particular it is possible to see that if the initial state is pure and even, the asymptotic state will be |ψ ∞ . A natural case of this kind is provided by a vacuum initial state |0 0|, which is obtained if the MR is initially cooled to its ground state.
Therefore our goal is to generate the effective reduced dynamics of the MR driven by the above Lindbladian of Eqs. (4)-(6) when the cavity mode is adiabatically eliminated. In practice however, the MR dynamics will be affected not only by the cavity mode "engineered reservoir" but also by the standard thermal reservoir. Therefore we have to establish the effect of these undesired latter terms, and to determine if and when they are negligible.
III. ENGINEERING THE DISSIPATIVE PROCESS
Our starting point is the Hamiltonian of an optomechanical system formed by a driven cavity mode interacting quadratically with a MR. Such a quadratic interaction is achieved for example in a membrane-in-the-middle (MIM) setup, when the membrane is placed at a node, or exactly at an avoided crossing point within the cavity [23] [24] [25] . Alternatively, such a quadratic coupling can be obtained by trapping levitating nanoparticles around an intensity maximum of a cavity mode [26] [27] [28] [29] . We assume that the cavity is bichromatically driven, that is
+ih (
where ω m is the resonance frequency of the MR, ω c the cavity mode frequency,
, with κ 0 the cavity decay rate through the input mirror, and P 0 and P 1 (with P 0 ≫ P 1 ) the respective input power at the two driving frequencies. g 2 is the quadratic optomechanical coupling rate, which is equal to g 2 = Θ(∂ 2 ω c /∂z 2 0 )(h/2mω m ) in the MIM case, with Θ the transverse overlap between the mechanical and optical mode at the membrane, and m the membrane mode effective mass [25] .
We then move to the frame rotating at the main laser frequency ω L , where the system Hamiltonian becomes
where ∆ 0 = ω c −ω L is the cavity mode detuning. The dynamics is however also driven by fluctuation-dissipation processes associated with the coupling of the cavity mode with the optical vacuum field outside the cavity, and of the MR with its thermal reservoir characterized by a temperature T and a mean thermal phonon number
In the usual Markovian approximation [30] , we have that optical dissipation is described by
where ρ om is the density matrix of the total optomechanical system, and κ T is the total cavity decay rate, while mechanical fluctuation-dissipation effects are described by the following terms in the master equation [30] 
where γ m = ω m /Q m is the mechanical damping, and Q m is the mechanical quality factor. Therefore the time evolution of the system is described by the following general master equation
with H given by Eq. (8).
The intense driving associated with the laser field at the carrier frequency ω L generates a stationary intracavity state of the cavity mode with large coherent amplitude
and it is convenient to look at the dynamics of the quantum fluctuations of the cavity mode, performing the displacement a = α s + δa. After some algebra and using Eq. (12), the master equation of Eq. (11) becomes
with the modified Hamiltonian
whereω m = ω m +2g 2 |α s | 2 is the renormalized mechanical frequency.
We now take Ω = ∆ 0 , i.e., we assume that the second, less intense beam is exactly resonant with the cavity mode, and move to the interaction picture with respect to
Within such a picture, the dissipative terms in the master equation of Eq. (13) remain unchanged, while the Hamiltonian becomes
We have made no approximation up to now. We now take the following resonance condition, ∆ 0 = Ω = 2ω m , which means that the second driving beam is resonant not only with the cavity, but also with the second order sideband of the carrier beam at ω L , and make the two following approximations: i) we neglect the last, higher order interaction termhg 2 δa † δa(be
, which is justified whenever |δa| ≪ |α s |; ii) we make the rotating wave approximation (RWA) and neglect all the fast-oscillating terms atω m and 2ω m , which is justified in the weak coupling limit g 2 |α s | ≪ω m . The effective interaction picture Hamiltonian of Eq. (16) reduces to
and therefore under the conditions specified above, the dynamics of the optomechanical system is described by Eq. (13) with H δ replaced by H eff . An analogous effective optomechanical dynamics has been considered in Ref. [20] , where however the renormalization of the mechanical frequency ω m →ω m has been neglected.
A. Reduced dynamics of the mechanical resonator
In the bad cavity limit, i.e., when κ T ≫ g 2 |α s |, γ mn , the optical mode fluctuations δa can be adiabatically eliminated because they quickly decay and their state always remains close to the vacuum state (see for example Ref. [30] , pag. 147 and Ref. [31] ). One gets the following final effective master equation for the reduced density matrix of the MR, ρ,
where Γ = g 2 2 |α s | 2 /κ T and C is just given by Eq. (6), with the superposition state amplitude β 2 = E 1 /ig 2 α s . The first term is just the desired term, i.e., the engineered dissipative evolution able to drive the MR asymptotically to the target superposition state |ψ ∞ . However, the time evolution of the MR state is also driven by the second and third terms which are due to the coupling with the thermal reservoir at temperature T . The latter are "undesired" terms, because they drive the MR to a thermal state rather than the desired even Schrödinger cat state, and also because they do not conserve the parity. Due to the joint action of these two dissipative evolutions, the asymptotic state achieved by the MR at long times will be different from the desired even superposition state |ψ ∞ . However, if Γ ≫ γ mn so that the effect of the thermal reservoir is negligible, we expect that the target state can be generated at least for a reasonable transient time interval aroundt ∼ 1/Γ. This condition, together with the conditions |α s | ≫ 1, and κ T ,ω m ≫ g 2 |α s | which are needed for deriving Eq. (18), represent the parameter conditions for realizing the robust generation of a superposition state of the MR.
IV. RESULTS
Let us now we verify if and when the proposal is implementable in a state-of-the-art optomechanical setup 
The amplitude β of the target state is determined by E 1 and therefore by the input power P 1 . Assuming P 1 ∼ 1 pW, one gets E 1 ∼ 10 6 Hz and therefore |β| ∼ 23.6, which corresponds to a quite macroscopic superposition state; here however, in order to verify numerically the proposal in a not too large operational Hilbert space, we have taken P 1 ∼ 0.01 pW, yielding E 1 ∼ 10 5 Hz and therefore |β| ∼ 2.36.
A. Cat state generation starting from the mechanical ground state
As discussed above, we expect to generate a long-lived transient even Schrödinger cat state of the MR when Γ ≫ γ mn and if we start from the mechanical ground state, which is pure and even. Since in the considered scenario it is very hard to go belown ∼ 100 with cryogenic techniques only, this initial state could be achieved, at least in principle, by first laser cooling the MR to its ground state, i.e., by first considering a linear optomechanical interaction with a cavity mode and driving it on its first red sideband [37] [38] [39] [40] [41] . Then, one should switch to the quadratic optomechanical interaction (either by displacing the membrane or by driving a different appropriate cavity mode) soon after ground state cooling is attained.
We have numerically solved the time evolution of the optomechanical system density matrix ρ om as described by Eq. (13) with the Hamiltonian of Eq. (17), starting from the mechanical ground state and the vacuum state for the cavity mode fluctuations. Plots of the Wigner representation of the reduced state ρ of the MR at different times are shown in Fig. 1 , which refers to the set of parameters described above, andn = 100. These plots confirm our expectations and that the state |ψ ∞ with |β| ∼ 2.36 is generated in the transient regime t ∼ 1/Γ due to the appropriate bichromatic driving and the quadratic optomechanical interaction. The superposition state then decoheres on a time scale governed by γ m (2n + 1). These results are consistent with those of Ref. [20] which also studies the generation of a cat state of a MR starting from the ground state in a bichromatically driven quadratic optomechanical system by means of the Wigner function of the reduced MR state.
This qualitative analysis based on the Wigner function is confirmed by a quantitative analysis based on the time evolution of the fidelity of the state with respect to the target state |ψ ∞ . Rather than the more common Uhlmann fidelity [42, 43] , in order to simplify the numerical calculation, here we use the Hilbert-Schmidt fidelity introduced in Ref. [44] 
When ρ 0 is pure, this fidelity coincides with the probability of finding the state ρ 0 being in ρ 1 , divided by the square root of the purity Tr {ρ 2 1 }. In Fig. 2 we plot the time evolution of F (t) = F (ρ ∞ , ρ(t)) corresponding to the same parameter condition of Fig. 1 . The fidelity reaches a maximum F ≃ 0.9992 at t ≃ 1/Γ when an almost perfect cat state is generated, which then decays so that F ≃ 1/ √ 2 ≃ 0.7.
B. Cat state generation after two-phonon cooling
Fast switching from the linear optomechanical interaction needed for cooling to the mechanical ground state to the quadratic optomechanical interaction necessary for generating the even cat state is quite challenging in practical experimental situations. However, one could exploit the quadratic interaction also for pre-cooling the MR and avoid using a different cavity mode and different driving field. To be more specific one could use the same interaction Hamiltonian and parameter conditions described in the previous section and consider the special case E 1 = β = 0, i.e., with the weak resonant field turned off. In this case, the engineered interaction with the cavity mode induces a two-phonon cooling process driving the MR to its ground state. The joint dynamics in the presence of nonlinear two-phonon damping and standard decay to the thermal equilibrium withn thermal phonons has been already studied in Ref. [45] , where it is shown that in the limit Γ ≫ γ mn we are considering, cooling is good even though not perfect, being the MR steady state a mixture of the zero and one phonon state, with probabilities ρ 11 (∞) = n eff = (4 + 1/n) −1 and ρ 00 (∞) = 1 − ρ 11 (∞). Therefore a feasible cat state generation protocol is to first cool the MR with the twophonon cooling process with E 1 = 0, and then switch on the weak resonant field with E 1 = 0 for generating the even cat state as discussed above. We now see that despite the initial approximate 25% probability of being in the odd one phonon state, the cat state generation process is still quite efficient, showing that such a robust macroscopic superposition can be generated in achievable quadratic optomechanical setups. We have in fact numerically solved the master equation for the optomechanical system density matrix ρ om of Eq. (13) with the Hamiltonian of Eq. (17), now taking as initial state the vacuum state for the cavity mode fluctuations and the above mixture of the zero and one phonon state for the MR, using the same set of parameters of the previous subsection (we have verified that with this set of parameters one actually cools the MR to this mixture of states). Plots of the Wigner representation of the reduced state ρ of the MR at different times are shown in Fig. 3 , which refer ton = 10 and in Fig. 4 , which refers tō n = 100. In both cases the target cat state is generated with high fidelity at t ∼ 1/Γ, despite the residual excitation in the one-phonon state. This is confirmed by time evolution of the fidelity of the state with respect to the target state |ψ ∞ , which is shown in Fig. 5 forn = 10 (a) andn = 100 (b). The fidelity reaches a maximum F ≃ 0.94 at t ≃ 1/Γ which does not depend uponn and then decays to F ≃ 1/ √ 2 ≃ 0.7. The superposition state decoheres to a mixture of two Gaussian states on a time scale governed by the thermal decoherence rate given by γ dec = 2γ m |β| 2 (2n + 1) [21, [46] [47] [48] .
C. Approximate description of the progressive decoherence of the generated superposition state
The above analysis shows that the combined action of the engineered reservoir term with rate Γ and the thermal reservoir terms with rate γ mn , when Γ ≫ γ mn , generates a superposition state at time t ≃ 1/Γ which then decoheres with decoherence rate 2γ m |β| 2 (2n + 1). In particular, Figs. 1-4 suggest that the MR decoheres to an asymptotic state given by the mixture of the two coherent states | ± β ±β|, with β = E 1 /ig 2 α s just the amplitude of the target superposition state. To state it in other words, the combined action of the engineered and "natural" reservoirs tends to stabilize such a mixture of coherent states emerging after the decoherence process. Taking into account the well-established theory of decoherence of superposition of two coherent state in the presence of a thermal reservoir [21, [46] [47] [48] , one is led to approximate the time evolution of the reduced MR state after a transient time t ≥ t 0 ≃ 1/Γ with the following expression
with N (t) = 2 1 + e
−2|β|
2 e −(1+2n)γmt , describing a decohering cat state, which decoheres to its corresponding mixture just at the rate 2γ m |β| 2 (2n + 1). We can check the validity of this approximate description at t > t 0 by using again the Hilbert-Schmidt fidelity of Eq. (19) for measuring the overlap between the actual reduced MR state ρ(t) given by the solution of the master equation of Eq. (13) and the approximate solution ρ app of Eq. (20) . In Fig. 6 we plot the "distance" between the two states, D(t) = 1 − F (ρ(t), ρ app (t)) for the same set of parameters of Fig. 2 , and we find a very good agreement for the proposed solution. Therefore the generated Schrödinger cat state can be used for verifying experimentally the decoherence processes affecting the nanomechanical resonator and eventually testing alternative decoherence models, as suggested in Ref. [17] .
D. Cat state decoherence as decay of non-Gaussianity
The decoherence process affecting the MR state can also be described as a dynamical "Gaussification" process in which the non-Gaussian even cat state generated at short times by the engineered two-phonon reservoir becomes at long times a convex mixture of Gaussian state, i.e., the equal-weight incoherent superposition of the two coherent states | ± β . This suggests an alternative quantitative description of the above loss of quantum coherence caused by the interplay between the engineered and natural reservoir in terms of a measure of quantum nonGaussianity recently proposed in Refs. [49, 50] .
A state is quantum non-Gaussian if it cannot be written as a convex sum of Gaussian states, and a simple sufficient condition for non-Gaussianity can be given in terms of the value of the Wigner function of the state at the phase space origin W [ρ](0) [49] : ρ is quantum non-
, where n = Tr ρb † b is the mean number of excitations. However this condition does not detect many quantum nonGaussian states (for example even cat states) and a more efficient condition for detecting quantum non-Gaussian states has been derived in Ref. [50] : ρ is quantum nonGaussian if there is a Gaussian map E such that
where E(ρ) is the state transformed by the Gaussian map and n E is the mean excitation number of the transformed state.
We have calculated the quantity N G quantifying nonGaussianity by restricting to the vacuum and one phonon state obtained with twophonon cooling. Plot of the time evolution of N G soon after the cat state generation, in the three cases studied above, i.e., starting from the ground state andn = 100 (a), starting from two-phonon cooling andn = 10 (b), andn = 100 (c), are shown in Fig. 7 . In all cases we see an exponential-like "decay" of non-Gaussianity to the Gaussian limit N G = 0, as expected, which is faster in the cases whenn = 100; the non-Gaussianity decay rate is in good agreement with the usual decoherence rate 2γ m |β| 2 (2n + 1). Therefore the measure of non-Gaussianity of Eq. (21) proposed in Ref. [50] detects very well the non-Gaussian property, and for the present even cat state the dynamics of non-Gaussianity provides a satisfactory description of the decoherence process.
V. CONCLUSIONS
We have proposed a scheme for the deterministic generation of a linear superposition of two coherent states of a MR based on the implementation of an engineered reservoir realized by a bad cavity mode, bichromatically driven and coupled quadratically with the MR. The proposal extends in various aspects the proposal of Ref. [20] and is feasible adopting either MIM optomechanical setups or levitated nanospheres trapped around an intensity maximum of the optical cavity mode. The interplay between the engineered reservoir and the natural thermal reservoir of the MR allows the efficient generation of the linear superposition state in a transient regime if the rate of the engineered reservoir Γ is larger than γ mn , which is experimentally achievable in cryogenic environments at about T ∼ 10 mK. The generation of an even superposition of two coherent states of opposite phases is almost ideal when starting from the MR ground state. This initial condition could be obtained by laser pre-cooling the MR through a linear optomechanical interaction, which however must be then suddenly switched to a quadratic interaction, by shifting for example the membrane to a node of the cavity mode. However the cat state generation is very efficient also when precooling is realized by exploiting only the two-phonon relaxation processes associated with the quadratic interaction [45] , which is much easier to implement since it is based on the same configuration allowing the cat state generation.
At longer times, the thermal reservoir is responsible for the progressive decoherence of the generated superposition state, which asymptotically tends to a steady state given by the incoherent mixture of the two coherent states of the superposition, and which can be satisfactorily approximated by a simple analytical expression. For this reason, the present protocol is ideal for testing decoherence models acting on nanomechanical resonators. An important issue is also the development of an efficient detection of the generated MR state. A satisfactory detection could be obtained by realizing a homodyne tomography [51] of the Wigner function of the generated state. Homodyne tomography of the MR state could be obtained by first transferring such state to an auxiliary cavity mode, weakly linearly coupled to the MR, as suggested in Ref. [52] or adopting the pulsed homodyne measurement scheme of Ref. [53] . When the auxiliary cavity mode is driven on its first red sideband and can be adiabatically eliminated, its output field a out 2 is proportional to the MR annihilation operator b plus additional noise [52] , and therefore a calibrated homodyne detection of this output field at various phases could be exploited for a tomographic reconstruction of the MR Wigner function. The presence of the driven, weakly linearly coupled detection cavity mode affects the two-phonon processes creating the engineered reservoir, and therefore the detection process should be turned on only after the cat state generation has been completed.
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